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RSM Partial Derivatives 

 
 
Introduction 
 
This appendix presents the analytic partial derivatives of the RSM adjustable ground-to-
image function with respect to the ground location and also with respect to the RSM 
adjustable parameters.  The RSM ground-to-image function may be either a (rational) 
polynomial or an interpolated ground point-image point correspondence grid.  The 
polynomial is defined in the RSMPCA TRE, and the grid is defined in the RSMGGA 
TRE. 
 
(Note that, in lieu of analytic partial derivative, numerical partial derivatives can be used.  
They are straightforward to define for the RSM application, but generally require more 
time to compute and are generally less accurate than analytic partial derivatives.  Section 
4.1.1 of the “Replacement Sensor Model”, contained in Appendix C, describes numerical 
partial derivatives for the RSM application in more detail.) 
 
Let us first define the following: 
 
X  is the three dimensional ground point represented in the RSM primary ground 
coordinate system ( 13× ); 
R  is the RSM (active) adjustable parameters ( 1×m ); 

)(Xg  is the ground-to-image function;  
),( RXh  is the adjustable ground-to-image function; 

[ ]TcrI =  is the image location ( 12× ); 
[ ]TcrI ∆∆=∆  is the summed effect of all RSM “image-space” adjustable parameters; 

*X  is X  represented in the Local coordinate system; 
*X∆  is the summed effect of all RSM “ground-space” adjustable parameters; 

*** XXX a ∆+=  is the adjusted ground point represented in the Local system; 

aX  is the corresponding adjusted ground point represented in the RSM primary ground 
coordinate system; 

XXX a ∆+=  defines the adjustment X∆ in the RSM primary ground coordinate system. 
 
Note that: 
 
I∆  is a function of *X  and R  (active image-space adjustable parameters). 

*X∆  is a function of *X  and R  (active ground-space adjustable parameters). 
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The RSM primary ground coordinate system is defined in the RSMIDA TRE.  The RSM 
adjustable parameters, their summed effects, and the Local coordinate system are defined 
(redundantly) in the RSMDCA, RSMAPA, and RSMECA TRE’s. 
 
 
General form of partial derivatives associated with image-space adjustable 
parameters  
 

IXgRXhI ∆+== )(),(  
 

RIRIRgRI ∂∆∂+=∂∆∂+∂∂=∂∂ /0///      
 

RIRI ∂∆∂=∂∂ //  ( m×2 )       (B-1) 
 
Note that the partial derivative RI ∂∆∂ /  will be detailed later in equation (B-5), and is a 
function of *X  only. 
 

]/][/[// ** dXXXIXgXI ∂∂∆∂+∂∂=∂∂  ( 32× )     (B-2) 
 
Note that Xg ∂∂ /  is the partial derivative of the RSM ground-to-image function with 
respect to the ground point.  The RSM ground-to-image function )(Xg  is either a 
(rational) polynomial, or an interpolated ground point-image point correspondence grid, 
or their sum.  Therefore, Xg ∂∂ /  is either the partial derivative of a (rational) polynomial 
with respect to the ground point, or the partial derivative of an interpolated grid with 
respect to the ground point, or their sum   If )(Xg  is a polynomial, Xg ∂∂ /  is straight-
forward to compute and, as such, is not detailed in this appendix.  If )(Xg  is an 
interpolated grid, Appendix A details the computation of Xg ∂∂ / . 
 

*/ XI ∂∆∂  is a 32×  matrix and will be detailed later in equation (B-6).  It will equal zero 
if the RSM image support data is not adjusted image support data, i.e., if the values of 
RSM image-space adjustable parameters are all zero.  If this is the case, equation (B-2) 
simplifies to XgXI ∂∂=∂∂ // . 
 

XX ∂∂ /*  in equation (B-2) is a 33×  matrix based on the RSM primary ground 
coordinate system to Local ground coordinate system transformation.  It is evaluated at 
the unadjusted ground point X , and will be detailed later in equations (B-9) and (B-11).   
 
 
General form of partial derivatives associated with ground-space adjustable 
parameters  
 

)(),( aXgRXhI ==  
 

]/][/][/[]/][/[/ ** dRXXXXgRXXgRI aaaaaa ∂∂∂∂∂=∂∂∂∂=∂∂  or 
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]/][/][/[/ ** dRXXXXgRI aaa ∆∂∂∂∂∂=∂∂   ( )2 m×    (B-3) 

 
Note that aXg ∂∂ /  corresponds to Xg ∂∂ /  evaluated at aXX = .  Similarly, */ aa XX ∂∂  
corresponds to */ XX ∂∂  evaluated at aXX =  (or equivalently, at **

aXX = ).  It is 
detailed later in equations (B-10) and (B-12).  RX ∂∆∂ /*  is a m×3  matrix and will be 
detailed later in equation (B-7).   It is a function of *X  only.   
 
 

]/][/][/[/ ** XXXXXgXI aa ∂∂∂∂∂∂=∂∂  or 
 

]/][/][/][/[/ **** XXXXXXXgXI aaaa ∂∂∂∂∂∂∂∂=∂∂  or 
 

]/][/][/][/[/ **** XXXXIdentXXXgXI aaa ∂∂∂∆∂+∂∂∂∂=∂∂   ( )32× ,  (B-4) 
where “ Ident ” is the 33×  identity matrix 
 
Note that */* XX ∂∆∂  is a 33×  matrix and will be detailed later in equation (B-8).  It 
will equal zero if the RSM image support data is not adjusted image support data, i.e., if 
the values of RSM ground-space adjustable parameters are all zero.  In which case, 

XX a =  , ** XX a =  , and (B-4) simplifies to ]/[/ XgXI ∂∂=∂∂ . 
 
 
Detailed supporting partial derivatives 
 
Image-space adjustable parameters 
 
Assume that the RSM adjustable parameters are associated with all twenty possible RSM 
image-space adjustable parameters ( 20=m ), and that they are labeled 

[ ]TRRR 20..1= .  1R  through 20R  correspond to the data indexed by contiguous 
fields IRO through ICZZ (see the RSMDCA or RSMAPA or RSMECA TRE’s).  By the 
definition of each of these adjustable parameters, we have: 
 










+++++++++
+++++++++

=∆ 222

222

20191817161514131211
10987654321

zRyzRyRxzRxyRxRzRyRxRR
zRyzRyRxzRxyRxRzRyRxRR

I  

 
where, for ease of notation, zyx ,,  correspond to the three components of the unadjusted 
ground point expressed in the Local system, i.e., [ ]TzyxX =* .  Therefore, 
differentiating the above, we have:   
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=∂∆∂ RI /









222

222

10000000000
00000000001
zyzyxzxyxzyx

zyzyxzxyxzyx , (B-5) 

 
Note that RI ∂∆∂ /  is a 202×  matrix since all RSM image-space adjustable parameters 
are assumed active.  If less than all twenty are active, the corresponding matrix columns 
of the inactive parameters are not present.   Typically, three parameters affecting the 
image row coordinate and three parameters affecting the image column coordinate are 
active, in which case, RI ∂∆∂ /  would be a 62×  matrix.   
 
Now, differentiating I∆  with respect to *X  we obtain: 
 

=∂∆∂ */ XI           (B-6) 
 









+++++++++

+++++++++
zRyRxRRzRyRxRRzRyRxRR
zRyRxRRzRyRxRRzRyRxRR

202191714191821613171615212
1029749826376522

  
The above matrix is a 32×  matrix.  Also, if an image-space adjustable parameter is 
inactive, simply substitute zero for its value in the above equation. 
 
Ground-space adjustable parameters 
 
Assume now that the RSM adjustable parameters are associated with all sixteen possible 
RSM ground-space adjustable parameters ( 16=m ), and that they are labeled 

[ ]TRRR 36..21= .  21R  through 36R  correspond to the data indexed by contiguous 
fields GXO through GZZ (see the RSMDCA or RSMAPA or RSMECA TRE’s). 
 
By the definition of each of these adjustable parameters, we have: 
 

















+++++−
++++−+
+++++−

=∆
zRyRxRzRxRyRR
zRyRxRyRxRzRR
zRyRxRxRyRzRR

X
36353427252423
33323127262422
30292827262521

*  

 
where, for ease of notation, zyx ,,  correspond to the three components of the unadjusted 
ground point expressed in the Local system, i.e., [ ]TzyxX =* .  Therefore, 
differentiating the above with respect to R , we have:   
 
 

















−
−

−
=∂∆∂

zyxzxy
zyxyxz

zyxxyz
RX

0000000100
0000000010
0000000001

/* , (B-7) 
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Note that RX ∂∆∂ /*  is a 163×  matrix since all RSM ground-space adjustable parameters 
are assumed active.  If less than all sixteen are active, the corresponding matrix columns 
of the inactive parameters are not present.   Typically, six parameters are active, in which 
case, RX ∂∆∂ /*  would be a 63×  matrix.   
 
Now, differentiating *X∆  with respect to *X , we obtain: 
 

















++−+
+++−
+−++

=∂∆∂
362735243425
332432273126
302529262827

/ **

RRRRRR
RRRRRR
RRRRRR

XX     (B-8) 

 
The above matrix is a 33×  matrix, and its element values are dependent only on the 
RSM ground-space adjustable parameter values.  Also, if a ground-space adjustable 
parameter is inactive, simply substitute zero for its value in the above equation. 
 
Coordinate system definitions and transformations 
 
Define the following ground coordinate system representations and transformations: 
 

GX  is the ground position represented in the geodetic RSM primary ground coordinate 
system; 
 

RX  is the ground position represented in the Rectangular RSM primary ground 
coordinate system; 
 

WX  is the ground position represented in the WGS-84 rectangular ground coordinate 
system; 
 

*X  is the ground position represented in the RSM Local ground coordinate system; 
 

)( GW XTX =  is a nonlinear transformation from geodetic coordinates to WGS-84 
rectangular coordinates; 
 

1KAXX WR += , where A  is a 33×  matrix and 1K  a 13×  vector defined in the 
RSMIDA TRE as: 
 
















−=
















=

ZUOR
YUOR
XUOR

AK
ZUZRYUZRXUZR
ZUYRYUYRXUYR
ZUXRYUXRXUXR

A 1 and ; 

 
2* KBXX W += , where B  is a 33×  matrix and 2K  a 13×  vector defined 

(redundantly) in the RSMDCA, RSMAPA, and RSMECA TRE’s as: 
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−=
















=

ZUOL
YUOL
XUOL

BK
ZUZLYUZLXUZL
ZUYLYUYLXUYL
ZUXLYUXLXUXL

B 2 and ; 

 
3* KCXX R += ,  

where the 33×  matrix TBAC =  and the 13×  vector 
213 KKBAK T +−= ; 

  
4* KXCX T

R += ,  
where the 13×  vector 34 KCK T−= ; 
 

2)(* KXBTX G += ; 
 

)(1
WG XTX −= , where the superscript "1"−  indicates inverse transformation, not the 

matrix inverse; 
 

5* KXBX T
W += , 

where the vector 25 KBK T−= ; 
 

)5( *1 KXBTX T
G += − . 

 
Note that using the above definitions, an adjusted ground coordinate can also be defined 
as follows (where the subscript “a ” corresponds to the adjusted ground position): 
 
 If the RSM primary ground coordinate system is Rectangular ( RXX ≡ ) - 
 

 
4

3
*

****

KXCX

XXXKCXXX

a
T

Ra

aRR

+=→

∆+=→+=→
 

 
 If the RSM primary ground coordinate system is geodetic ( GXX ≡ ) - 
 

 
)(5

2)(
1*

****

WaGaa
T

Wa

aWGWG

XTXKXBX

XXXKBXXXTXX
−=→+=→

∆+=→+=→=→
. 

 
 
Partial derivatives associated with coordinate system transformations 
 
Assuming that the RSM primary ground coordinate system is Rectangular (as specified in 
the RSMIDA TRE), we have: 
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CXXXX R =∂∂=∂∂ // **   ( 33× )      (B-9) 
 

T
R CXXXX =∂∂=∂∂ ** //   ( 33× )      (B-10) 

 
Note that: CXX aa =∂∂ /*  and T

aa CXX =∂∂ */  as well, where the subscript “a ” 
corresponds to the adjusted ground position. 
 
Assuming instead that the RSM primary ground coordinate system is geodetic (as 
specified in the RSMIDA TRE), we have: 
 

=∂∂=∂∂=∂∂ ]/[// **
GWG XXBXXXX       (B-11) 

]/[ GXTB ∂∂   ( 33x )  
 

=∂∂∂=∂∂∂=∂∂ − ]/][(/[]/][/[/ *1** XXXTXXXXXX WWWG    (B-12) 
T

W BXT ]/[ 1 ∂∂ −  ( 33× ) 
 
Note that: ]/[ 1

WXT ∂∂ −  is also equal to the matrix inverse 1]/[ −∂∂ GXT . 
 

aa XX ∂∂ /*  is computed identically as in equation (B-11), except that GXT ∂∂ /  is 
evaluated at the adjusted ground point value.   Similarly,  */ aa XX ∂∂  is computed 
identically as in equation (B-12), except that WXT ∂∂ − /1  is evaluated at the adjusted 
ground point value. 
 
All that remains is to detail GXT ∂∂ /  and WXT ∂∂ − /1 .  For ease of notation, let us 
represent 

[ ]TG hX φλ=  and [ ]TW zyxX =  in the following.   
 
The transformation T  is defined as: 
 

φ

λφ
λφ

sin))1((
sincos)(
coscos)(

2 hNez
hNy
hNx

+−=

+=
+=

, 

 
where the prime vertical 2/122 )sin1()( −−= φφ eaN , e  is eccentricity, and a  is the 
equatorial radius.  All earth constants are WGS-84 constants.  Also, it is assumed that 

2/2/ πφπ <<−  and πλπ <<− . 
 
(The inverse transformation 1−T  is not needed in order to define the partial derivatives, 
and as such, is not detailed here.  It is a standard transformation, and based on an iterative 
inverse of the equations defining T .) 
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Let us make the following abbreviations for ease of notation: 
 

φφ sin≡s , φφ cos≡c , λλ sin≡s , λλ cos≡c ; 
)(1 hNP +≡ ; 

hNeaP +−≡ − 322
2 )1( . 

 
Differentiating the above equations that define T , using the fact that 

φφφφφφ csNeasecsaeN 3222/3222 )1(/ −− =−=∂∂ , and simplifying we get: 
 
















−
−−

=∂∂=∂∂
φφ
λφλφλφ
λφλφλφ

scP
scssPccP
cccsPscP

XXXT GWG

2

21

21

0
//  ( 33x )   (B-13) 

 
And taking the matrix inverse, we get: 
 

















−−
−

=∂∂=∂∂ −−−

−−

−

φλφλφ
φλφλφ

λφλφ

ssccc
cPssPcsP

ccPscP
XXXT WGW

1
2

1
2

1
2

1
1

1
1

1

0)()(
//  ( 33x )  (B-14) 

 
As a reminder, equations (B-13) and (B-14) are applicable to an unadjusted ground point 
location (operating point)  If the partial derivatives are to be applicable at an adjusted 
ground point location, utilize the adjusted geodetic ground coordinates, 

[ ]TaaaGaa hXX φλ=≡ , in equations (B-13) and (B-14).   
 
 
Partial derivatives involving combined RSM image-space and ground-space 
adjustable parameters 
 
One final comment regarding the RSM adjustable parameters and equations (B-1) 
through (B-4) - Each of these equations assumed that the RSM adjustable parameters 
were either all image-space adjustable parameters or all ground-space adjustable 
parameters.  This is the nominal case.  However, a mixture can occur, in which case these 
equations can be combined appropriately in a straight-forward manner.  The 
corresponding RSM adjustable ground-to-image function is presented in equation (B-15). 
Correspondingly, equations (B-1) and (B-3) can be combined to yield equation (B-16).  
Similarly, equations (B-2) and (B-4) can be combined to yield equation (B-17). 
 

IXgRXhI a ∆+== )(),(         (B-15) 
 

RIdRXXXXgRI aaa ∂∆∂+∆∂∂∂∂∂=∂∂ /]/][/][/[/ **  ( m×2 )  (B-16) 
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]/][/[

]/][/][/][/[/
**

****

XXXI

XXXXIdentXXXgXI aaa

∂∂∂∆∂

+∂∂∂∆∂+∂∂∂∂=∂∂
 ( 32x )  (B-17) 

 
 


